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Towards the Phase Diagram Analysis of
3 £ 3 Evolutionary Games
??????? ?
Members of a single large homogeneous population are supposed
to repeatedly encounter one another at random, and play a symmetric
two-person game. Optimal response being adopted in the process of
natural selection, the system is expected to move to some evolutionary
equilibrium (E.E.). The purpose of this paper is to show a systematic
way of analyzing various types of E.E. and the movement of the system,
using the phase diagram.
In sections 2 and 3, it is shown that the critical properties of
the dynamic system of evolutionary game do not depend on the values
of payo®, but solely on the sign patterns of \zero-diagonalized" payo®
matrices, in 2 ? 2 games (Proposition 1) and also in 3 ? 3 games
(Proposition 2). In section 4, the method of orthogonal transformation
of variables and the rotation of the Cartesian coordinates are introduced
to make use of the phase diagram analysis of the dynamic process. In
section 5, examples from the most typical cases, those of ellipse and
hyperbola, are illustrated.
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Riley?1992, p.335?.
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??? ®????????????? p??? ¯ ????????????
? 1¡ p????????????????????????????
V = p(1¡ p)(b+ c)
?????????????????? max(V®; V¯)?????
V® ´ (1¡ p)b
????
V¯ ´ cp
?????????????????????????5)??
dp
dt
= ·(V® ¡ V )p; (· > 0)
????
d(1¡ p)
dt
= ·(V¯ ¡ V )(1¡ p); (· > 0)
????????2? 2?????????????? 2?????????
???6)?
[??a]????b > 0; c < 0????????7)?
V® ¡ V =?1¡ p)[b¡ p(b+ c)] > 0
????
p(b+ c) < b
????b; c???? b0 > 0; c0 < 0???????
p(b0 + c0) < b0; (0 < p < 1)
????????V® ¡ V > 0??????????????????p = 1
??????? ®????????EE?????
[??b]? b = 0; c < 0??????[??a]?????????????
5) Taylor & Jonker?1978, p.149?? Zeeman?1981, p.255?? Maynard Smith?1982,
(2.2)????? (D.3) ??? Hirshleifer & Riley?1992, pp.337,341??????
6) ???2008, p.42 ?? 6????
7) ??? 5 ????????????2008?????????????
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?? 3???? 3?????? 2?????????? 1????????
??? p?????????? q ?????????° ???????? P ?
??? (p; q)?????????? P ??????????????????
????????? r = 1¡ p¡ q ???????????3? 3?????
????????????????? 2???? 3????? P ?????
???????3??? 3???? ®?¯?° ??????p = 1?q = 1?r = 1
??????3??????????????
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12) Machina?1982, pp.305-306?, Sugden?1987, pp. 3-4?, Hirshleifer and Riley?1992,
p.339?, Weibull?1995, pp. 3-5?. ?? 2 ???? 3 ????3 ????????????
?r ??????????????????Malinvaud?1985, p.331??? 3 ???????
???????????????????
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4 ?????? _p = 0??? _q = 0?????
????????????
??????equ-payo® curve???????????? V ???????
?? (p; q)???????????????? 3? 3??????????
V ´ p(qb+ rd) + q(pc+ rf) + r(pg + qh)
= ¡(d+ g)p2 + (b¡ d¡ f + c¡ g ¡ h)pq ¡ (f + h)q2
+(d+ g)p+ (f + h)q
= const: (1)
???????
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_p??? _q ????3? 3???????????
_p = ·p(V® ¡ V );??????? V® ´ qb+ rd (2)
_q = ·q(V¯ ¡ V );??????? V¯ ´ pc+ rf (3)
(· > 0)????????
V® ¡ V = qb+ (1¡ p¡ q)d¡ V
? = (d+ g)p2 ¡ (b¡ d¡ f + c¡ g ¡ h)pq + (f + h)q2
? ¡(2d+ g)p¡ (b¡ d+ f + h)q + d
? = 0; (4)
V¯ ¡ V = pc+ (1¡ p¡ q)f ¡ V
? = (d+ g)p2 ¡ (b¡ d¡ f + c¡ g ¡ h)pq + (f + h)q2
? ¡(c¡ f + d+ g)p¡ (2f + h)q + f
? = 0 (5)
????
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???????????2??? 2?????
V = up2 + vpq + wq2 + lp+mq (6)
??????????????2???
13) ? 4 ?????????????????2 ??? 2 ???????? 2 ????? 2 ??
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| 34 |
????????????????
up2 + vpq + wq2
= up2 + 2kpq + wq2
= (p; q)A

p
q

;?????? A ´

u k
k w

;??? k ´ v=2
????????? 2?????? A????? ¸1?¸2 ????????
????????????????????? ª????ª????? ªT
??ªT = ª¡1 ????ª?????????
(p0; q0) = (p; q)ª
????
(p; q) = (p0; q0)ªT
???????? 2?????????????
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¸1¸2 =
u kk w
 = uw ¡ k2 6= 0
???14)?????????????????(7)??????
V = ¸1(p
0 + s)2 + ¸2(q
0 + t)2 ¡ n
????
¸1P
2 + ¸2Q
2 = n0 (8)
????????????????
s = l0=(2¸1);?? t = m0=(2¸2);?? n = ¸1s2 + ¸2t2;
P = p0 + s;?? Q = q0 + t;??? n0 = V + n
????(8)???¸1n0 > 0, ?? ¸2n0 > 0 ?????????n0 6= 0 ?
¸1¸2 < 0?????????15)?
4.2 ??????????
?????2???? (6)??????????????????????
???????????????????????????????????
??????????????????????
p; q ? 2????
V = up2 + vpq + wq2 + lp+mq (6)
????????? µ ?????????????
V = u0p02 + v0p0q0 + w0q02 + l0p0 +m0q0 (9)
???????????? (p; q)? (p0; q0)????
14) ?????
15) ¸1n
0 < 0, ?? ¸2n0 < 0 ??????????????????n0 = 0 ???????? 2
??????????????
???¸1¸2 = 0 ??????8???????????????? 2 ?????? 2 ????
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(p0; q0) = (p; q)

cos µ sin µ
¡ sin µ cos µ

?????
(p; q) = (p0; q0)

cos µ ¡ sin µ
sin µ cos µ

(10)
??? 1????????????
(9)?? 2?????? u0; v0; w0 ??(6)?? 2?????(10)?
p = p0 cos µ + q0 sin µ;
q = ¡p0 sin µ + q0 cos µ
???????????? p02; p0q0; q02 ?????????
u0 = u cos2 µ ¡ v sin µ cos µ + w sin2 µ (11)
v0 = 2u sin µ cos µ + v(cos2 µ ¡ sin2 µ)¡ 2w sin µ cos µ
= 2(u¡ w) sin µ cos µ + v(cos2 µ ¡ sin2 µ) (12)
w0 = u sin2 µ + v sin µ cos µ + w cos2 µ (13)
??????????????????? v0 = 0????????????
???????????????????cos µ = 0?? v0 = ¡v sin2 µ = ¡v
??????v0 = 0????????cos µ 6= 0??
2(u¡ w) sin µ cos µ + v(cos2 µ ¡ sin2 µ) = 0
?????????? cos2 µ ??????????
v tan2 µ ¡ 2(u¡ w) tan µ ¡ v = 0 (14)
??????? tan µ ? 2????????????? 4(u¡ w)2 + 4v2 > 0
??????(14)?? 2??????????????? 1?? tan µ ??
???????? µ ?????(9)?? v0 ???????
(9)?? 1??????????? (6)?? 1???? (10)??????
???? p0; q0 ???????
l0 = l cos µ ¡m sin µ (15)
m0 = l sin µ +m cos µ (16)
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V = u0p02 + w0q02 + l0p0 +m0q0 (17)16)
????????????? ¡µ ??????????????????? 2
???? (6)?????????
5 ????? ?????????
3? 3???????????????????????????????
??????????????????????????????? 1???
??????? 3???? 2??????????????????????
????????????????????????????????????
???????????????????????? +1?????????
¡1???17)?
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V = p[q + (1¡ p¡ q)] + q[p+ (1¡ p¡ q)] + (1¡ p¡ q)(p+ q)
= ¡2(p2 + q2 + pq ¡ p¡ q)
16) ?????????7????????????u0 = ¸1; w0 = ¸2 ????
17) ???????????????????????? _p ??? _q ?????????????
???????????????????????????????????????????
???????????
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V = ¡2(p2 + q2 + pq ¡ p¡ q) = const: (18)
?????????? NE??????V® = V¯ = V° ????
q + (1¡ p¡ q) = p+ (1¡ p¡ q) = p+ q
???
p = q = 1¡ p¡ q = 1=3
?????????? NE??????????V = 2=3????????
?????????p = 1; q = 1; 1¡ p¡ q = 1????????????
? V = 0????
?????????????????p; q ??????????????
???
????????????????pq ????????????????
[(14)?]
v tan2 µ ¡ 2(u¡ w) tan µ ¡ v = 0
? v = u = w = 1???????tan µ = §1????tan µ = 1?????
µ = 45???????????cos µ = 1=
p
2; sin µ = 1=
p
2??????
(11), (13)???
u0 = u cos2 µ ¡ v sin µ cos µ + w sin2 µ = 1=2¡ 1=2 + 1=2 = 1=2
w0 = u sin2 µ + v sin µ cos µ + w cos2 µ = 1=2 + 1=2 + 1=2 = 3=2
??????
???p; q ? 1????????(15), (16)????
l0 = l cos µ ¡m sin µ == ¡1=
p
2 + 1=
p
2 = 0
m0 = l sin µ +m cos µ = ¡1=
p
2¡ 1=
p
2 = ¡2=
p
2 = ¡
p
2
????
(17)??????????????
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¡V=2 = u0p02 + w0q02 + l0p0 +m0q0 = (1=2)p02 + (3=2)q02 ¡
p
2q0
?????
p02 + 3(q0 ¡
p
2=3)2 = 2=3¡ V (19)
??????
?? (19)??????
p
2=3???????????????? V < 2=3??
???????????? ¡45???????????(18)???????
????? 5??
0
45?
1
1
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V=
V= 0
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q
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p 0
p
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1
2
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3
? 5
??????? (2), (3)???? _p = 0??? _q = 0???????
_p = 0????(2)????
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V® ¡ V = q + (1¡ p¡ q) + 2(p2 + q2 + pq ¡ p¡ q)
= 2(p2 + q2 + pq)¡ 3p¡ 2q + 1 = 0 (20)
???????? p = q = 1=3?????????? _p = 0????????
NE= (1=3; 1=3; 1=3)??????????
(20)????????????????????????(20)?? p; q ?
2 ????????? (18) ?????????????µ = 45?; cos µ =
1=
p
2; sin µ = 1=
p
2????u0 = 1=2; w0 = 3=2???????p; q ? 1
????????
l0 = ¡3=
p
2 + 2=
p
2 = ¡1=
p
2
m0 = ¡3=
p
2¡ 2=
p
2 = ¡5=
p
2
??????(20)???
2[(1=2)p02 + (3=2)q02]¡ (1=
p
2)p0 ¡ (5=
p
2)q0 + 1
= [p0 ¡ (1=(2
p
2))]2 + 3[q0 ¡ (5=(6
p
2))]2 ¡ 1=6 = 0
?????
(p0 ¡ 0:3536)2
(0:4083)2
+
(q0 ¡ 0:5893)2
(0:2357)2
= 1
????????????????????? ¡45???????????
_p = 0??????? 6?18)?
_q =????(3)????
V¯ ¡ V = p+ (1¡ p¡ q) + 2(p2 + q2 + pq ¡ p¡ q)
= 2(p2 + q2 + pq)¡ 2p¡ 3q + 1 = 0 (21)
????(14)?????? tan µ = ¡1?????µ = ¡45?; cos µ = 1=p2;
18) ??? _p = 0 ?????????????????????????
p : 1=3 1=2 1=2 5=6 1
q : 1=3 0 1=2 ¡ 1=6 0
dq=dp : 1 ¡ 1 0 0 1
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? 6
sin µ = ¡1=p2????u0 = 3=2; w0 = 1=2; l0 = ¡5=p2; m0 = ¡1=p2
????????????? (20)?? _p = 0??? p? q ????????
??????????? _q =????45?????? _p = 0???????
?????????(21)???????
(p0 ¡ 0:5893)2
(0:2357)2
+
(q0 ¡ 0:3536)2
(0:4083)2
= 1
???????????????? 45??????????? _q = 0???
???
? 7????????? 2???? 3????????(2), (3)?????
?????????????????? 7????????????????
???????? NE(1/3, 1/3, 1/3)? EE???????????????
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? ¯®?????? NE(1/2, 1/2, 0)????????? ¯®???????
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?????????????????????????0B@ 0 ¡ ¡¡ 0 ¡
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1CA
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????? 5?? 7???????????? V ?????? p; q ????
??????????? 8?????????????????????? NE
??? 3??????®; ¯; ° ? EE????????????? ¯®????
?? NE(1/2, 1/2, 0)?????????????????19)?
19) ? 8 ??? ¯® ?????? NE ???????? 45??????????????????
???????????????????????
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q= 0???
p= 0???
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5.2 ????????????
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1CA
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???????? 2???? 3???????????
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3
?
?
?
??? p; q ?
???????? 10? 3??? 3???????????????????
?????????????? ¯®?? (1=2; 1=2; 0)?? ¯®?? (0; 1=2; 1=2)
??? 2?????? NE?????(1=5; 3=5; 1=5)??????????
NE????????p; q ???????????????????????
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??????????????
V = p[q ¡ (1¡ p¡ q)] + q[p+ (1¡ p¡ q)] + (1¡ p¡ q)(¡p+ q)
= 2(p2 ¡ q2 + pq ¡ p+ q) = const: (22)
??????????(14)??? tan µ = 2§p20=2?????
(p0 + 0:5380)2 ¡ (q0 ¡ 0:3325)2 = const:
????????????????????? µ = ¡76:72????????
???(22) ?????? 9???????????????(p0; q0) ????
(¡0:54; 0:33)????(p; q)?????(1=5; 3=5)???????? NE??
??V????????????? NE??? 2/5??? 3??? 3????
????????????? §1=2?3?????? 0???????????
????????????????????V ??????????????
?????????????????
??? _p = 0????
V® ¡ V = q ¡ (1¡ p¡ q)¡ 2(p2 ¡ q2 + pq ¡ p+ q)
= ¡2(p2 ¡ q2 + pq) + 3p¡ 1 = 0; (23)
??????????????
(p0 + 0:1541)2
(0:2115)2
¡ (q
0 ¡ 0:6529)2
(0:2115)2
= 1
??????????????????? µ = ¡76:72???????????
_p = 0?????20)?
_q = 0????
20) _p = 0 ?????????????????????????
p : 0 1=5 1=2 ; 1=5 1=2 1
q : 1=
p
2 3=5 1=2 ; ¡ 2=5 0 0
dq=dp : ¡0:56 ¡ 1=2 0 ; 3=2 1 ¡ 1=2
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0
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4
76.72?
0.33
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1
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V=?
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V
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1
2
1
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2
3
5
1
2
V
=
V= 0
V= 0
p
q
? 9
V¯ ¡ V = p+ (1¡ p¡ q)¡ 2(p2 + q2 + pq ¡ p+ q)
= ¡2(p2 ¡ q2 + pq) + 2p¡ 3q + 1 = 0 (24)
????????
(p0 + 0:7556)2
(0:2114)2
¡ (q
0 ¡ 0:2811)2
(0:2114)2
= 1
??????????????????? µ = ¡76:72???????????
_q = 0?????21)?
21) _q = 0 ?????????????????????????
p : 0 1=5 1=2 ; 0 1=5 1=2
q : 1=2 3=5 1=2 ; 1 11=10 3=2
dq=dp : 1 0 ¡ 1=2 ; 0 1 3=2
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????????????????
? 10???????????????????????????????
??????? ¯®?? NE(1/2, 1/2, 0)??? ¯° ?? NE(0, 1/2, 1/2)??
EE??????????? NE(1/5, 3/5, 1/5)??????22)?
0
1
1
1
2
1
5 1
2
3
5
q=
0?
q
=
0
?
p
=
0
?
p
=
0?
q
p
1
2?
®
¯
°
? 10
????????????????????????????0B@ 0 ¡ +¡ 0 ¡
+ ¡ 0
1CA
22) ??????(p¤; q¤) = (1=5; 3=5) ????????? (2),(3) ?????????????
???1¡ ¸ 20 ¡ 1¡ ¸
 = 0
??????????????????????? (p¤; q¤) ???????? (p0; q0) ?
(q0 ¡ q¤)=(p0 ¡ p¤) = ¡1 ???????????????????????????????
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?????? 63 ?? 2 ?
???????????????????????????????????
???????????????????????????????? 11??
??????? ¯ ? NE(0, 1, 0)??? °®?? NE(1/2, 0, 1/2)? EE??
????????? NE(1/5, 3/5, 1/5)????????????????
?23)?
0
1
1
1
2
1
5 1
2
3
5
q=
0?
q
=
0
?
p
=
0
?
p
=
0?
q
p
1
2?
®
¯
°
? 11
23) ??? (p¤; q¤) = (1=5; 3=5) ????????? (2),(3) ??????????????¡1¡ ¸ ¡ 20 1¡ ¸
 = 0
?????????????? (q0 ¡ q¤)=(p0 ¡ p¤) = 0 ????????????????
???????????????????????????????????????????
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